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We discuss the recent interpretation of quark-distribution functions in the plane
transverse to the light-cone direction. Such a mapping is model independent
and allows one to build up multidimensional pictures of the hadron and to de-
velop a semi-classical interpretation of the quark dynamics. We comment briefly
the results obtained from the form factors of the nucleon. A generalization to a
target with arbitrary spin led to a set of preferred values for the electromagnetic
coupling characterizing structureless particles. Generalized polarizabilities can
also be interpreted in that frame as the distortion of the charge densities due
to a quasi-static external electromagnetic field. Finally, we present results for
the generalized transverse-momentum dependent distributions which encode
the most complete information about quark distributions.
Keywords: charge densities, generalized polarizabilities, Wigner distributions
1. Introduction
Hadrons are composite objects. Their interaction with external probes like
e.g. photons is parameterized in terms of Lorentz-invariant functions. The
latter encode information about the distribution of partons in momentum
and/or position space. In order to extract this information, one has to go to
a frame where the hadron moves with almost the speed of light allowing for
a (quasi-)probabilistic/charge-density interpretation. This interpretation is
in principle model independent. A brief discussion can be found in Section 2.
We first focus on form factors (FFs) which, by Fourier transform, give
information on the charge distribution in the transverse plane, or impact
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parameter space, see Section 3. While for a longitudinally polarized target
the pattern is axially symmetric, two-dimensional multipoles appear for a
transversely polarized target. Such multipoles turn out to be a manifesta-
tion of the target composite nature and to be intimately connected to quark
orbital angular momentum. Since a structureless particle does not contain
any intrinsic orbital angular momentum, it should not show any multi-
pole pattern. This constraint then leads to a set of preferred values for the
electromagnetic (EM) coupling (“natural” EM moments) of particles with
arbitrary spin.
Interpretation of generalized polarizabilities (GPs) is then discussed in
Section 4 in the infinite momentum frame. They describe how the charge
distribution is affected by a quasi-static external electromagnetic field. Sim-
ilarly to FFs, interesting multipole patterns also show up. However, working
in the infinite momentum frame we can arrive to a spatial representation
for only three combinations of the six independent GPs.
Finally, we present in Section 5 the recently introduced generalized
transverse-momentum dependent distributions (GTMDs) and their con-
nection with the generalized parton distributions (GPDs), transverse-
momentum dependent distributions (TMDs) and Wigner distributions. The
last ones encode all the possible correlations between quark transverse po-
sition and momentum. As it is not possible to directly access Wigner distri-
butions from experiments, we use relativistic quark models to learn about
the quark dynamics encoded in these quantities.
2. Impact parameter space
According to the standard interpretation [1,2] the charge density can be
identified with the three-dimensional Fourier transform of the electric Sachs
form factor GE , i.e.
ρ(~r) =
∫
d3q
(2π)3
e−i~q·~rGE(~q), (1)
where GE is defined as the matrix element of the charge current between
the initial and final nucleon with momentum ~P and ~P ′ = ~P+~q, respectively.
The identification in Eq. (1) is valid only in the nonrelativistic approxima-
tion. To work out the Fourier transform, one has to know the FFs for every
Q2. In the Breit frame the latter is identified with the three-momentum
of the virtual photon, i.e. Q2 = ~q 2. This means that for every value of
Q2 we have to move to a different frame and the charge density under-
goes naturally a different Lorentz contraction. Moreover, in order to have a
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probabilistic/charge-density interpretation, the number of particles should
be conserved. However, in the Breit frame nothing prevents the photon to
create or annihilate a quark-antiquark pair.
All these problems are cured in the infinite momentum frame (IMF) with
q+ = q0+ qz = 0 (the so-called Drell-Yan-West frame). In such a frame the
photon is kinematically not allowed to change the number of quarks since
the light-cone momentum of a massive particle is strictly positive p+ > 0.
Moreover, in the limit p+ → ∞ the hadron undergoes an extreme Lorentz
contraction. Only a two-dimensional charge density [3–5] is then meaningful
and can be identified with the two-dimensional Fourier transform of the
matrix element of J+
ρ~s(~b) =
∫
d2q⊥
(2π)2
e−i~q⊥·
~b
2p+
〈p+, ~q⊥2 , ~s|J
+(0)|p+,− ~q⊥2 , ~s〉, (2)
with the photon virtualityQ2 = ~q⊥
2, and ~s denoting the hadron polarization.
3. Form factors
For a spin-1/2 hadron with definite light-cone helicity λ, the charge density
is simply given by the Fourier transform of the Dirac FF
ρλ(~b) =
∫ ∞
0
dQ
2π
QJ0(bQ)F1(Q
2), (3)
where J0 is the cylindrical Bessel function. Since no preferred direction
appears in the transverse plane, it comes without any surprise that the
corresponding charge density is axially symmetric. Using phenomenolog-
ical parameterizations of the experimental nucleon FFs, one observes a
counterintuitive negative core in the neutron charge distribution [6]. For a
transverse polarization, the charge density receives a dipole contribution [7]
from the Fourier transform of the Pauli FF
ρs⊥(
~b) = ρλ(~b) + sinφb
∫ ∞
0
dQ
2π
Q2
2M
J1(bQ)F2(Q
2), (4)
where φb is the angle between quark transverse position ~b and transverse
hadron polarization ~s⊥. This transverse polarization gives a preferred direc-
tion in the transverse plane allowing for multipole patterns. It also involves
matrix elements with helicity flip, where quark orbital angular momentum
is necessary. The dipole moment in natural units (e/2M) is given by F2(0),
i.e. the anomalous magnetic moment. Higher multipole moments can be
observed for hadrons with higher spin [8–11]. There is therefore a connec-
tion between anomalous EM moments, quark orbital angular momentum
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and distortions of the charge densities. In the case of a particle without in-
ternal structure, there can not be any intrinsic orbital angular momentum
and the charge densities remain axially symmetric. This provides us with
a sufficient condition to derive the natural values of the EM moments [11]
characterizing the interaction of a structureless particle of any spin with
the electromagnetic field. The general results agree with the known lower
spin cases (Standard Model and Supergravity) and support the prediction
of a g = 2 gyromagnetic ratio for any spin.
Table 1. Natural EM moments of a spin-j particle with electric charge Z = +1
are organized according to a pseudo Pascal triangle, when expressed in terms of
natural units of e/M l and e/2M l for GEl(0) and GMl(0), respectively.
j GE0(0) GM1(0) GE2(0) GM3(0) GE4(0) GM5(0) GE6(0)
0 1 0 0 0 0 0 0
1/2 1 1 0 0 0 0 0
1 1 2 −1 0 0 0 0
3/2 1 3 −3 −1 0 0 0
2 1 4 −6 −4 1 0 0
5/2 1 5 −10 −10 5 1 0
3 1 6 −15 −20 15 6 −1
4. Generalized Polarizabilities
In the presence of an external electric field, any charge density is deformed
and develops an induced polarization. The “ease” by which such a charge
density is deformed is described by the electric polarizability. Virtual Comp-
ton scattering (VCS) allows us to study [12] the distortion of transverse
charge densities in an external electric field. The nucleon VCS tensor is
given by
Hµν = −i
∫
d4x e−iq·x 〈p′, ~sN |T {J
µ(x)Jν (0)}|p,~sN〉. (5)
In the limit of low energy of the final real photon, it is described in terms of
six Generalized Polarizabilities (GPs). To obtain a spatial representation,
we consider the VCS process in a light-front frame. In the low-energy limit
ν = q · P/M → 0 (P = p
′+p
2 ) the VCS amplitude H = ǫ
′∗
ν H
+ν describes
the linear response to an external quasi-static electric dipole field, allowing
us to define an induced polarization ~P (~q)
i~ǫ′∗⊥ · ~P (~q) ≡
1 + τ
2P+
∂H
∂ν
∣∣∣
ν=0
. (6)
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By Fourier transforming ~P (~q) we obtain the spatial distortion of the charge
density induced by the external electric field (aˆ = ~a/|~a|), i.e.
~P (~b) =
∫
d2q⊥
(2π)2
e−i~q⊥·
~b ~P (~q)
= bˆ
∫
∞
0
dQ
2π
QJ1(bQ)A(Q
2)
− bˆ (~s⊥ × eˆz) · bˆ
∫ ∞
0
dQ
2π
QJ2(bQ)B(Q
2)
+ (~s⊥ × eˆz)
∫ ∞
0
dQ
2π
Q
[
J0(bQ)C(Q
2) +
J1(bQ)
bQ
B(Q2)
]
.
(7)
Only three multipoles are at our disposal to interpret six GPs. The first
term corresponds just to the standard dipole distortion of the charge den-
sity, irrespective of the nucleon polarization. The other two terms appear
only when the nucleon is transversely polarized. In absence of external
electric field and for a transversely polarized nucleon, the charge distribu-
tion already contains a dipole structure (see Eq. (4)). Applying an external
electric field on this dipole charge density then leads to a monopole and a
quadrupole distortions.
5. Generalized Transverse-Momentum dependent
Distributions
FFs provide information about the quark transverse position while parton
distribution functions (PDFs) give their longitudinal-momentum distribu-
tion. The full correlation between quark transverse position and longitudi-
nal momentum is contained in GPDs leading then to a three-dimensional
picture of the nucleon. A dual three-dimensional picture of the nucleon is
provided by TMDs which give the full quark three-momentum distribution.
The full correlation between quark three-momentum and transverse posi-
tion is captured by the Wigner distributions defined as Fourier transform
in the transverse plane of the so-called GTMDs. All FFs, PDFs, GPDs, and
TMDs appear just as particular limits and/or projections of GTMDs. There
are sixteen GTMDs [13] which parameterize the general parton correlator
W
[Γ]
λ′λ =
1
2
∫
d4z
(2π)3
δ(z+) eiq·z〈p′, λ′|ψ(− 12z)ΓW(−
1
2z,
1
2z|n)ψ(
1
2z)|p, λ〉,
(8)
where Γ is a matrix in Dirac space, ψ is the quark field, andW a Wilson line
which preserves gauge invariance. These GTMDs X(x, ξ,~k2
⊥
, ~k⊥ ·~∆⊥, ~∆
2
⊥
; η)
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are functions of quark mean momentum (x,~k⊥) and momentum transfer
(ξ, ~∆⊥). The parameter η indicates whether the Wilson line is past- or
future-pointing.
Wigner Distributions in the context of quantum field theory have al-
ready been discussed to some extent in the Breit frame [14,15]. For the
reason mentioned before, it is preferable to work in the IMF. The distri-
bution of an unpolarized quark in an unpolarized hadron is given by the
GTMD F e11, and is related to the GPD H and the TMD f1 as follows
H(x, 0, ~∆2
⊥
) =
∫
d2k⊥ F
e
11(x, 0,
~k2
⊥
, ~k⊥ · ~∆⊥, ~∆
2
⊥
),
f1(x,~k
2
⊥
) = F e11(x, 0,
~k2
⊥
, 0, 0).
(9)
By Fourier transforming F e11 with respect to
~∆⊥ and integrating over x,
we obtain a (transverse) phase-space distribution ρ(~k2
⊥
, ~k⊥ ·~b,~b
2). The only
two available transverse vectors are ~k⊥ and ~b. This means that for fixed
kˆ⊥ · bˆ and |~k⊥| the distribution is axially symmetric, which is physically
meaningful since a global rotation of the distribution around eˆz should not
have any effect.
If we are now interested in the amplitude to find a fixed transverse mo-
mentum ~k⊥ in the transverse plane, the distribution is not axially symmetric
anymore due to the ~k⊥ ·~b dependence. This amplitude can not be directly ac-
cessed from experiments. We therefore use successful phenomenological con-
stituent quark models (namely the Light-Cone Constituent Quark Model
[16] and the Chiral Quark-Soliton Model [17]) restricted to the valence sec-
tor [18] to compute F e11. Both models give the same qualitative picture with
a larger distribution amplitude when ~k⊥ ⊥ ~b and smaller when ~k⊥ ‖ ~b, see
Fig. 1. This can be understood with naive semi-classical arguments. The
radial momentum (~k⊥ · bˆ) bˆ of a quark has to decrease rapidly in the periph-
ery because of confinement. The polar momentum ~k⊥− (~k⊥ · bˆ) bˆ receives a
contribution from the orbital motion of the quark which can still be signifi-
cant in the periphery (in an orbital motion, one does not need to reduce the
momentum to avoid a quark escape). This naive picture also tells us that
this phenomenon should become more pronounced as we go to peripheral
regions (|~b| ≫) and to high quark momenta (|~k⊥| ≫). This tendency is
supported by both models.
It is also interesting to compare up and down quark distributions. Let
us fix once again kˆ⊥ · bˆ and |~k⊥|. The distribution being axially symmetric in
the transverse plane, we focus on the radial distribution, see Fig. 2. The up
quark distribution has been divided by two for comparison with the down
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Fig. 1. Distribution (left) and equi-amplitude curve (right) in the transverse plane with
kˆ⊥ = eˆy and |~k⊥| = 0.45 GeV for an unpolarized quark in an unpolarized nucleon.
Fig. 2. Radial distributions in the transverse plane with kˆ⊥ · bˆ = 1 and |~k⊥| = 0.55
GeV for an unpolarized quark in an unpolarized proton. Solid curve corresponds to half
of the up quark distribution. Dashed curve corresponds to the down quark distribution.
quark distribution. Up quarks appear to be more concentrated around the
center than down quarks. For a neutron, we just have to exchange up and
down quarks. We can therefore see that the center of the neutron is nega-
tive, in agreement with the conclusion obtained using the phenomenological
neutron FFs.
6. Summary
The standard interpretation of FFs in the Breit frame is not fully consis-
tent with the principles of quantum mechanics and relativity. However, a
probabilistic/charge-density interpretation is available in a frame where the
target is moving with almost the speed of light. It then turns out that FFs
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describe the distribution of quark in the transverse plane. While this distri-
bution is axially symmetric for a longitudinally polarized target, multipoles
appear when the target is transversely polarized. This distortion comes from
the intrinsic orbital angular momentum and hence the composite nature of
the target. This observation allowed us to derive the natural EM moments
characterizing the interaction of any structureless particle with the electro-
magnetic field. We also tried to interpret the Generalized Polarizabilities
in a light-front frame based on the VCS process in the low-energy limit.
It appeared that only three combinations out of six GPs can be mapped
out. Finally, we discussed briefly phase-space (Wigner) distribution using
constituent quark models. Non-trivial pattern have been obtained and in-
terpreted semi-classically as related to orbital angular momentum.
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